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$T$ $V^{1,1}(T),$ $V^{1,2}(T),$ $V^{2}(T)$
:
$V^{1,1}(T)= \{\varphi\in H^{1}(T)|\int_{T}\varphi dxdy=0\}$ ,
$V^{1,2}(T)= \{\varphi\in H^{1}(T)|\int_{k}\varphi ds=0$, $k=1,2,3\}$ ,
$V^{2}(T)=\{\varphi\in H^{2}(T)|\varphi(p_{k})=0$ , $k=1,2,3\}$ .
$p_{1},$ $p_{2},$ $p_{3}$
$T$ $\gamma_{1},$ $\gamma_{2},$ $\gamma_{3}$ $T$
$C_{1}(T),$ $C_{2}(T),$ $C_{3}(T),$ $C_{4}(T)$ :
$C_{1}(T)= \sup_{\varphi\in V^{1,1}(T)\backslash 0}\frac{||\varphi\Vert_{L^{2}(T)}}{\Vert\nabla\varphi\Vert_{L^{2}(T)}}$ ,
$C_{3}(T)= \sup_{\varphi\in V^{2}(T)\backslash 0}\frac{||\varphi||_{L^{2}(T)}}{|\varphi|_{H^{2}(T)}}$ ,
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$T$ $p_{1}(T),p_{2}(T),p_{3}(T)$ $T$ $\gamma_{1}(T),$ $\gamma_{2}(T),$ $\gamma_{3}(T)$ $T$
$\partial T$ $n(T)$ , $\partial T$
$\nu(T),$ $\partial T$ $ds(T)$ $T$
$\underline{\theta}(T)$ , $\overline{\theta}(T)$ $d(T)=$ diam$(\tau),$ $\rho(T)$ $T$
“ $(T)$ ” $k$
$\mathcal{P}_{k}$ $|\cdot|_{H^{k}(T)}$ $H^{k}$
$|u|_{H^{k}(T)}^{2}= \sum_{j=0}^{k}(\begin{array}{l}kj\end{array})\Vert\frac{\partial^{k}u}{\partial x^{k-j}\partial x^{j}}\Vert_{L^{2}(T)}^{2}$

















3 $\varphi\in H^{2}(T)$ M. Crouzeix and P. A. Raviart [10, 30]
$\int_{\gamma_{k}}\Pi^{(CR)}\varphi ds=\int_{\gamma_{k}}\varphi ds$, $k=1,2,3$ , $\Pi^{(CR)}\varphi\in \mathcal{P}_{1}$ ,
$\Vert\Pi^{(CR)}\varphi-\varphi\Vert_{L^{2}(T)}\leq C_{1}(T)C_{2}(T)|\varphi|_{H^{2}(T)}$
4 $\varphi\in H^{3}(T)$ Morley [23]
$\Pi^{(M)}\varphi(p_{k})=\varphi(p_{k})$ , $k=1,2,3$ ,









$-\triangle\varphi=f$ in $\Omega$ ,
$\varphi=0$ on $\partial\Omega$ ,
$\varphi$
(5.2) $(\nabla\varphi, \nabla\varphi)_{L^{2}(\Omega)}=(f, \varphi)_{L^{2}(\Omega)}$ , $\forall\varphi\in H_{0}^{1}(\Omega)$
$\Omega$
$\tau_{1},$ $\tau_{2},$ $\cdots,$ $\tau_{n}$
$\Omega$





$\varphi_{j}(p_{k})=\{\begin{array}{l}1 k=j,0 k\neq j,\end{array}$ $k=1,2,$ $\cdots,$ $m$
$\varphi_{h}=\sum_{j=1}^{1n}a_{j}\varphi_{j}\in S_{h}$
(5.2)
$(\nabla\varphi_{h}, \nabla\varphi_{j})_{L^{2}(\Omega)}=(f, \varphi_{j})_{L^{2}(\Omega)}$ , $j=1_{1}2,$ $\cdots,$ $m$
5.1 $f\in L^{2}(\Omega)$ (5.1) $\varphi$ $\varphi_{h}$
$\Vert\nabla(\varphi_{h}-\varphi)\Vert_{L^{2}(\Omega)}\leq 1\leq k\leq n\max C_{4}(\tau_{k})$ I $f\Vert_{L^{2}(\Omega)}$ ,











$\Omega$ (5.1) $\varphi$ $H^{2}(\Omega)$
[13], $\mathcal{P}_{1}$




$\Vert\nabla(\varphi_{h}-\varphi)\Vert_{L^{2}(\Omega)}\leq\max_{1\leq k\leq n}C_{4}(\tau_{k})|\varphi|_{H^{2}(\Omega)}\leq 1naxC_{4}(\tau_{k})1\leq k\leq n\Vert f\Vert_{L^{2}(\Omega)}$
Aubin-Nitsche [4, 9, 26] $L^{2}$






$\underline{\theta}_{\mathcal{F}}=\min_{\tau\in \mathcal{F}}\underline{\theta}(\tau)_{\beta}$. $\overline{\theta}_{\mathcal{F}}=lnax\overline{\theta}(\tau)\tau\in \mathcal{F}^{\cdot}$
$h_{\mathcal{F}}=n_{\mathcal{T}\in \mathcal{F}})axd(\tau)$ .
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Meinguet &Descloux[21] Arcangeli &Gout[3]
(6.5) $C_{4}(T) \leq\frac{1.21d(T)^{2}}{\rho(T)}$
63
1: $\alpha,$ $\beta$ and $\theta$ for triangle $T$
Natterer[25] Affine $C_{4}(T)$ –
1, 1, V $T_{0,1}$ $C_{4}(T_{0,1})$
(6.6) $C_{4}(T) \leq C_{4}(T_{0,1})\cdot\frac{\alpha^{2}+\beta^{2}+\sqrt{\alpha^{4}+2\alpha^{2}\beta^{2}\cos 2\theta+\{?^{4}}}{\sqrt{2(\alpha^{2}+\beta^{2}-\sqrt{\alpha^{4}+2\alpha^{2}\beta^{2}\cos 2\theta+\beta^{4}})}}$










(6.8) $C_{4}(T) \leq C_{4}(T_{0,1})\cdot\frac{1+|\cos\theta|}{\sin\theta}\sqrt{\frac{\alpha^{2}+\beta^{2}+\sqrt{\alpha^{4}+2\alpha^{2}\beta^{2}\cos 2\theta+\beta^{4}}}{2}}$










(6.10) $C_{1}(T) \leq C_{1}(T_{0,1})\sqrt{1+|\cos\theta|}\max(\alpha, \beta)$
$C_{2}(T)$ $C_{2}(T)$ Babu\v{s}ka &Aziz
[5, Lemma2.1] Babu\v{s}ka Aziz constant
Liu &Kikuchi[20] $Babu\overline{s}ka$ Aziz constant






$p_{1}$ , $p_{2}$ , $p_{3}$ $\gamma_{1}.\gamma_{2}.\gamma_{3}$











$\{\begin{array}{ll}\Pi_{\tau}^{(\alpha)}\varphi\in Q \text{ }\int_{k}I1_{\tau}^{(a)}\varphi ds=\int_{\gamma_{k}}\varphi ds, k=1,2.3.\end{array}$
$\{\begin{array}{ll}\Pi_{\tau}^{(\beta)}\varphi\in Q_{\beta} \Pi_{\tau}^{(\beta)}\varphi(p_{k})=u(p_{k}). k=1,2,3,\end{array}$
$\int\int_{\tau}\Pi_{\tau}^{(0)}\varphi dxdy=\int\int_{\tau}\varphi dxdy$ ,








$T$ 2 $n^{2}$ $\tau_{1},$ $\cdots,$ $\tau_{n^{2}}$ $\tau_{k}$
$T’= \bigcup_{k=1}^{n^{2}}\tau_{k}$
$u\in V^{1,1}(T)$ $u\in V^{1,2}(T)$ Il $(a)_{u}$ $u\in V^{2}(T)$
$\square ^{(\beta)}u$ :
$\Pi^{(\alpha)}u(x, y)=\Pi_{\tau_{k}}^{(\alpha)}u(x, y)$ , $k= \min\{j|(x, y)\in\overline{\mathcal{T}j}\}$ ,




$D_{1}^{(n)}(T)= \sup_{u\in V^{1_{t}1}(T)\backslash 0}\frac{||\Pi^{(\epsilon x)}u\Vert_{L^{2}(T’)}^{2}}{\Vert\nabla\Pi^{(\alpha)}u\Vert_{L^{2}(T)}^{2}}$ ,
$D_{3}^{(n)}(T)= \sup_{u\in V^{2}(T)\backslash 0}\frac{||\square ^{(\beta)}u||_{L^{2}(T’)}^{2}}{|\Pi^{(\beta)}u|_{H^{2}(T)}^{2}}$ ,
$D_{2}^{(n)}(T)= \sup_{u\in V^{1,2}(T)\backslash 0}\frac{\Vert\Pi^{(0)}u\Vert_{L^{2}(T’)}^{2}}{\Vert\nabla\Pi^{(c\supset)}u\Vert_{L^{2}(T)}^{2}}$ ,
$D_{4}^{(n)}(T)= \sup_{u\in V^{2}(T)\backslash 0}\frac{\Vert\nabla\Pi^{(\prime^{3)}}u\Vert_{L^{2}(T’)}^{2}}{|\square (\beta)u|_{H^{2}(T)}^{2}}$ ,
$D_{1}^{(n)}(T),$ $D_{2}^{(n)}(T),$ $D_{3}^{(n)}(T),$ $D_{4}^{(n)}(T)$ (7.1)
$u\in V^{1,j}(T)$ , $j=1,2$


























$C_{1}(T)^{2} \leq D_{1}^{(n)}(T)+\frac{C_{1}(T)^{2}}{n^{2}}$ ,
$C_{3}(T)^{2} \leq D_{3}^{(n)}(T)+\frac{C_{3}(T)^{2}}{n^{4}}$ ,
$C_{2}(T)^{2} \leq D_{2}^{(n)}(T)+\frac{C_{2}(T)^{2}}{n^{2}}$ ,
$C_{4}(T)^{2} \leq D_{4}^{(n)}(T)+\frac{C_{2}(T)^{2}}{n^{2}}$ ,
68
$C_{1}(T)^{2} \leq\frac{n^{2}}{n^{2}-1}D_{1}^{(n)}(T)$ , $C_{2}(T)^{2} \leq\frac{n^{2}}{n^{2}-1}D_{2}^{(n)}(T)$ ,







$[a, b]=\{x|a\leq x\leq b\}$
$X$ $Y$ $*$
$X*Y=\{x*y|x\in X, y\in Y\}$
$*$ $+,$ $-,$ $\cdot,$ $/$
Rump
INTLAB INTLAB MATLAB toolbox MATLAB
INTLAB [22,29]
INTLAB $i$ sspd $()$
$A=([\overline{a_{ij}},\underline{a_{ij}}])=\{Y=(y_{ij})|y_{ij}\in[\overline{a_{ij}},$ $\underline{a_{ij}}],$ $y_{ij}\in \mathbb{R}\}$











$0 \leq a_{1}\leq a\leq a_{2}\leq\frac{1}{2}$ , $0<b\leq 1$ , $h_{a}= \frac{a_{2}-a_{1}}{b}$ , $0<h_{a} \leq\frac{1}{20}$ ,
$\sigma_{1a}=\sigma_{2a}=\frac{5}{4}$ , $\sigma_{3a}=\frac{9}{4}$ , $\sigma_{4a}=\frac{13}{4}$
$j=1,2,3,4$
$C_{j}(T_{a_{k},b})\leq\sqrt{\lambda(1-\sigma_{ja}h_{a}^{2})}K_{j}(a_{k}, b)$ , $k=1,2$ $\Rightarrow$ $C_{j}(T_{a,b})\leq\lambda K_{j}(a, b)$
102
$0 \leq a\leq\frac{1}{2}$ , $0<b_{1}\leq b\leq b_{2}\leq 1$ , $h_{b}= \frac{b_{2}-b_{1}}{b_{1}}$ , $0<h_{b} \leq\frac{1}{20}$ ,
$\sigma_{1b}=\sigma_{2b}=\frac{5}{4}$ , $\sigma_{3b}=\frac{19}{4}$ , $\sigma_{4b}=\frac{19}{4}$
$j=1,2,3,4$
$C_{j}(T_{a,b_{k}})\leq\sqrt{(1-\sigma_{jb}h_{b}^{2})}K_{j}(a, b_{k})$ , $k=1,2$ $\Rightarrow$ $C_{j}(T_{a,b})\leq K_{j}(a, b)$
103 $0<b_{1}\leq b_{2}$ $i=1,2,3$
$C_{j}(T_{a,b_{1}})\leq C_{j}(T_{a,b_{2}})$
104
$0\leq a\leq 1/2$ , $0<b_{1}\leq b_{2}$ , $\kappa_{1}=\kappa_{2}=\frac{4}{3}$ , $\prime \mathfrak{i}_{3}=\frac{5}{3}$
$i=1,2,3$
$\sqrt{(1-\kappa_{j}b_{2}^{2})}K_{j}(a, b_{2})\leq K_{j}(a, b_{1})$
105









$T$ $(0,0),$ $(1,0),$ $(a, b)$
$0\leq a\leq 0.5,0<$
$b\leq 1$ 3, 5, 7,
9 ( $0.05\leq b\leq 1$
).
3: $\overline{C}_{1}(T)$ 4: $K_{1}$
$K_{1}(T)-\tilde{C}_{1}(T)$
5: $\tilde{C}_{2}(T)$ 6: $K_{2}$
$K_{2}(T)-\tilde{C}_{2}(T)$
7: $\tilde{C}_{3}(T)$ 8: $K_{3}$
$K_{3}(T)-\overline{C}_{3}(T)$




$\tilde{C}_{j}(T)=\sqrt{D_{j}^{(100)}}$ , $j=1,2,3,4$ ,
$C_{1}(T)$ Laugesen &Siudeja (6.9)
$C_{1}(T) \leq\frac{d(T)}{j_{1,1}}$ , $j_{1,1}=3.83170597\cdots$
Kikuchi &Liu (6.10)
$C_{1}(T) \leq\frac{\sqrt{1+|\cos\theta|}}{\pi}\max(\alpha, \beta)$
6 $a=0,$ $b=1$ $a=$
0.5, $b=0.5$ Kikuchi &Liu $a=1/2$
$b\leq 1/2$ $a=0,$ $b=1$




Formula by Formula by Our Approximate
$a$ $b$ ShaPe Laugesen Kikuchi formula value
$\frac{\ Siudeja\ .LiuK_{1}(T)\tilde{C}_{1}(T)}{0.01.0R_{triang10}^{1so.sco1csright}0.3690820031830990.33407660.3183237}$
0.0 0.5 $K$ 0.2917849 0.3183099 0.2771024 0.2718151
0.0 0.2 $\mapsto$ 0.2661488 0.3183099 0.2681079 0.2627133
0.0 0.1 $==$ 0.2622820 0.3183099 0.2674398 0.2614228
0.25 1.0 $\triangle$ 0.3262254 0.3657371 0.3030136 0.2886830
0.25 0.5 $\triangle$ 0.2609804 0.3041947 0.2459842 0.2415978
0.25 0.2 $\geq\geq$- 02609804 03118964 02434617 02307315
0.25 0.1 $=$ 0.2609804 0.3294606 0.2420732 0.2286001
0.5 $\sqrt{3}/2$ $\triangle_{triang1c}^{Eui1\cdot 1}qatc\cdot ra$ 0.2609804 0.3898484 0.2683032 0.2387411
0.5 0.5 $\triangle_{triang1_{(}}^{I_{Stsc(}\cdot 1_{(s}right}$ 0.2609804 0.2250791 0.2362278 0.2250883
0.5 0.2 $=$ 0.2609804 0.2250791 0.2350309 0.2122753
0.5 0.1 $=$ 0.2609804 0.2250791 0.2327945 0.2091927
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12.2: $C_{2}(T)$
Formula by Our Approxlimate
$a$ $b$ Shape Liu & formula value
$\frac{KikuchiK_{2}(T)\tilde{C}_{2}(T)}{0.01.0b_{triang^{1c}}^{Isosce\cdot 1\epsilon\cdot sright}0.34856000.24176240.2377095}$
0.0 0.5 $K$ 0.3485600 0.2001157 0.1981488
0.0 0.2 $\mapsto$ 0.3485600 0.1931750 0.1900358
0.0 0.1 $\mapsto$ 0.3485600 0.1926084 0.1889908
0.25 1.0 $\Delta$ 0.4464274 0.2197865 0.2159892
025 0.5 0.3531579 0.1779313 0.1767151
025 02 $\geqq$- 04311413 0.1753979 0.1705350
0.25 0.1 $=$ 0.4935107 0.1743206 0.1696732
0.5 $\sqrt{3}/2$ $\triangle_{tring1c}^{Equi1at\}ra1}$ 0.5228400 0.1948780 0.1891821
0.5 0.5 $\triangle_{triang1e}^{Isosce1csright}$ 0.2464691 0.1709519 0.1680860
0.5 0.2 $=$ 0.3236298 0.1693066 0.1632328
0.5 0.1 $=$ 0.3417912 0.1676363 0.1625242
$C_{2}(T)$ Liu &Kikuchi (6.11)
$C_{2}(T) \leq 0.34856\sqrt{1+|\cos\theta|}\max(\alpha, \beta)$
( 122).




$C_{4}$ Natterer (6.6) Kikuchi &Liu (6.7)
$C_{4}(T) \leq 0.49293\cdot\frac{\alpha^{2}+\beta^{2}+\sqrt{\alpha^{4}+2\alpha^{2}\beta^{2}\cos 2\theta+\beta^{4}}}{\sqrt{2(\alpha^{2}+\beta^{2}-\sqrt{\alpha^{4}+2\alpha^{2}\beta^{2}\cos 2\theta+\beta^{4}})}}$
Liu &Kikuchi (6.8)




Formula by Our Approximate
$a$ $b$ ShaPe Arcangeli formula value
$\frac{\ GoutK_{3}(T)\tilde{C}_{3}(T)}{0.01.0k_{triang1c}^{Isoscc1e\dot{s}right}6.00000000.17026730.1672660}$
0.0 0.5 $K$ 3.7500000 0.1184266 0.1173769
0.0 0.2 $\mapsto$ 3.1200000 0.1107396 0.1091112
0.0 0.1 $\mapsto$ 3.0300000 0.1099925 0.1081897
0.25 1.0 $\triangle$ 4.6875000 0.1487598 0.1456476
0.25 0.5 3.0000000 0.0950295 0.0941278
0.25 0.2 $\geq\geq$- 3.0000000 00855112 00842948
0.25 0.1 $=$ 3.0000000 00843544 00829564
0.5 $V3/2$ $\triangle_{triang1c}^{Equi1atcra1}$ 3.0000000 0.1201798 0.1170933
0.5 0.5 $\triangle_{triang10}^{Isoscc1_{CS}right}$ 3.0000000 0.0851337 0.0836330
0.5 0.2 $=$ 3.0000000 0.0732578 0.0717102
0.5 0.1 $=$ 3.0000000 0.0715701 0.0699084
12.4: $C_{4}(T)$$\overline{Natterer’ s}$Formula by Our Approximate
formula
$a$ $b$ ShaPe aKikuchi formula value
$\frac{\ Liu’ srcsu1t)(withKikuchi\ LiuK_{4}(T)\tilde{C}_{4}(T)}{0.01.0S_{\iota ri1}^{Iso.s\cdot c\epsilon\cdot 1esright}angp0.49293000.49293000.49159600.4887233}$
0.0 0.5 $K$ 0.9858600 0.4929300 0.3958114 0.3807491
0.0 0.2 $\mapsto$ 2.4646500 0.4929300 0.3697886 0.3365897
0.0 0.1 $\mapsto$ 4.9293000 0.4929300 0.3662944 0.3278871
0.25 1.0 $\triangle$ 0.7165137 0.7151629 0.4063827 0.3963014
0.25 0.5 0.7323020 0.5056966 0.3393940 0.3256411
0.25 0.2 $=$ 1.2701000 0.7825045 0.5516444 0.5388452
0.25 0.1 $=$ 2.4596274 1.4905091 0.9871945 0.9747887
0.5 $V3/2$ $\triangle_{triang1c}^{Eui1\iota_{cra}1}q.a$ 1.0456624 1.0456624 0.3476109 0.3184014
0.5 0.5 $\triangle_{triang1e}^{I_{S()S((}\cdot 1c\cdot sright}$ 0.3485541 0.3485541 0.3476109 0.3455796
0.5 0.2 $=$ 0.8713854 0.8713854 0.6761399 0.6630042
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